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ABSTRACT  

Metamaterial acoustic lenses are acoustic devices based on phononic crystal structures that take advantage of negative or 
near-zero indices of refraction. These unique properties arise due to either the antiparallel direction of the phase and 
group velocity or strongly anisotropic dispersion characteristics, usually above the first transmission band. In this study, 
we utilize an FDTD program to examine two phononic lenses that utilize anisotropic effects available in their second 
band to collimate and focus acoustic waves from a plane-wave source with a k00 wavevector. The phononic crystals 
consist of stainless steel rods arranged in a square lattice with water as the ambient material. Results show collimation 
and focusing in the second band for select frequencies, fc ± 0.005𝑓𝑐.  
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1. INTRODUCTION  
The history of metamaterials can be traced back to the work of Veselago and the exploration of the feasibility of 
simultaneously negative permeability and permittivity in dielectrics [1]. Such materials exhibit left-handedness that is 
not observed in nature and results in peculiar effects such as negative index of refraction materials amongst other 
things [2, 3, 4, 5, 6]. However, there are no known materials that innately possess both negative permeability and 
permittivity, so the practical realization of such a material only occurred after the evolution of the effective medium 
theory for  photonic crystals. Pendry et. al first demonstrated a metamaterial with a structure that possessed both 
negative permittivity and permeability through a periodic arrangement of metals [7]. Since that point, work pertaining 
to photonic metamaterials has grown exponentially with devices ranging from electromagnetic cloaks [8] to lenses that 
resolve beyond the diffraction limit [9, 10] realized both in theory and experiment.  
 
The underlying concepts of photonic crystals and the propagation of electronic or electromagnetic waves through an 
ordered lattice are readily applicable to the propagation of mechanical waves through a similarly ordered lattice [11, 
12]. Permittivity and permeability become analogous to Lamé’s first parameter and inverse density leading to, roughly, 
the substitution of the physical material properties such as the density contrast, sound velocity, and attenuation, for 
the dielectric properties. For mechanical waves, however, the primary propagation mode being longitudinal, the ability 
of solids to support both longitudinal and transverse modes, and the lack of an innately negative density translates to 
some variation between the behavior of electromagnetic and mechanical waves in ordered structures. So, though the 
development of metamaterials was realized first using photonic crystals, the applications to phononic crystals were 
quickly realized and similar devices such as cloaks [13, 14] and negative index lenses [15, 16] have been demonstrated 
both theoretically and experimentally.  
 
Critical to the realization of a metamaterial for either type of wave is a dispersion relation that does not follow the 
usually linearly increasing type found in the long wavelength limit for periodic structures [17, 18, 19, 20, 21]. The 
peculiar effects of metamaterials arise from the application of a periodic structure in a frequency region where the 
dispersion relation is either non-linear, anisotropic, or anomalous [22]. In photonic and phononic crystals, negative 
effective indices of refraction are realized by utilizing the crystal at a frequency where the dispersion curve has a 
negative slope. These conditions occur near the band edge of the first Brillouin zone [19], or in the second transmission 
band where band folding can result in antiparallel direction between the wavevector and Poynting vector [12, 19]. 
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This work is particularly interested in the application of a 2D phononic crystal as a collimating lens for sound wave 
propagating in the plane of periodicity. The first transmission band of a periodic structure can be readily used to form 
an effective lens with basic geometric optics [20, 21]. However, as the frequency of the impinging wave increases, the 
dimensions of the structure, such as the size and spacing of the scatterers in a periodic lattice, must decrease 
appropriately. For this reason, lenses that operate in the second transmission band are of great interest because of the 
decreased difficulty in the practical realization of the structure. Lenses that operate in the second transmission band 
are metamaterial lenses. Studies, both theoretical and experimental, have clearly shown the focusing ability of 
metamaterial phononic lenses [23, 24]. Many are sourced by an approximate point source emission. Here, we present 
a theoretical demonstration of two phononic lenses that collimate ultrasonic k00 plane waves in their second band onto 
their optical axis.  
 

2. METHODOLOGY 
 

 
Figure 1 - Illustration of the simulation setup using COMSOL 4.2. Propagating pressure waves starts from the left, is 

scattered by the phononic crystal, and measurements are recorded in the transmitted ares (TA) and collimating axis (CA). 

 
For this study, we utilized the tools of COMSOL 4.2, an FDTD simulation program, to examine the collimating properties 
of two phononic crystal lenses: one of triangular shape, and the other a hemispherical. The lenses are based on a 
phononic crystal composed of 1.6 mm diameter stainless steel rods in water arranged in a 15 x 19 (r x z) square lattice 
with a lattice constant of 2 mm. Figure 1 illustrates the basic phononic crystal simulation setup. An initial pressure 
wave, p0, is sourced on the opposite side of the area used for analysis. TA represents the entire transmission area, and 
is broken down in the analysis into two subsections. CA is the collimation (optical) axis of width of one lattice constant 
(2 mm) represented by the black strip in the center of TA in Figure 1.  Scattered sound pressure levels (SPL) in specified 
portions of the region are used to determine the resulting behavior of the propagating pressure field. Simulations are 
carried out with a longitudinal 𝒌𝟎𝟎 pressure wave, and the transmission bandstructure is determined by the average 
scattered SPL in the transmitted area, TA. The system is considered open as the boundaries of the simulation are set to 
perfectly absorb all radiation that would exit the region. Collimation is determined by comparison of the SPL in CA to 
that outside of CA, fluctuations of the SPL as measured by probes along CA, and aided visually by the inspection of 2-D 
scattered SPL surface plots. 
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For this work, collimation is defined as the focusing and collimation of the transmitted pressure wave onto the optical 
axis. Collimation about the optical axis for the each lens is determined by comparison of the average SPL inside CA to 
the average SPL outside CA, an indicator collimating score determined for each frequency, and visual inspection of the 
simulated scattered SPL. Larger differences between the average SPL inside/outside CA are indicative of a collimation 
as it results higher transmitted pressure being scattered onto the optical axis versus outside it. The collimating score is 
determined from SPL probes situated at nine distances along the optical axis: 0 mm, 10 mm, 20 mm, 30 mm, 40 mm, 
50 mm, 60 mm, 90 mm, 120 mm. The total distance amounts to >40𝜆 for all frequencies in the second transmission 
band. The collimating score is based on the following 
 
 𝐶𝑓 =

𝜎𝐶𝐴
Δ𝜉̅

+
𝛿𝜉𝐶𝐴
𝜉𝑐𝑎����

, (1)  

 
 
Where  

𝜎𝐶𝐴 = 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑆𝑃𝐿 𝑖𝑛 𝐶𝐴, 
Δ𝜉̅ = 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑆𝑃𝐿 𝑖𝑛 𝐶𝐴 − 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑆𝑃𝐿 𝑜𝑢𝑡 𝐶𝐴 

𝛿𝜉𝐶𝐴 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑆𝑃𝐿 𝑖𝑛 𝐶𝐴 −𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑆𝑃𝐿 𝑖𝑛 𝐶𝐴, 
𝜉𝐶𝐴���� = 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑆𝑃𝐿 𝑖𝑛 𝐶𝐴. 

 
The collimation score is used as an indicator for frequency candidates with collimation characteristics along the optical 
axis in a transmission band. A collimating score of zero in a transmission band would constitute complete focusing and 
collimating of the pressure wave onto the optical axis. So, scores that are positive and nearest to zero indicate higher 
collimation and thus the best scores. Negative scores occur when a combination of the maximum and average SPLs 
outside CA are higher than inside CA, and thus represent frequencies that are highly dispersed by the lens; an 
undesired trait. Negative scores are represented in this analysis as collimation scores an order of magnitude larger than 
the worst score that does have a desirable collimating trait. The best collimating scores are used as the indicators of 
the frequencies that are collimating onto the optical axis, but are confirmed through additional visual inspection of the 
scattered SPL.  
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3. DATA 

 
Figure 2 - k00 transmission band structure from scattered average SPL. Transmission bandgap occurs between 390-460 kHz, 

with the second transmission band beginning at 485 kHz. 

3.1 – 15 x 19 Phononic crystal  

For wavelength,𝜆 and lattice spacing, a, (𝜆 ≫ 𝑎) the dispersion curve is linear and scattering cross-section is isotropic 
[22]. As 𝜆 → 𝑎, the dispersion curve becomes non-linear and anisotropy occurs, with the strength of the anisotropy 
dependent on the non-linearity. The basis of the metamaterial collimating lens is the effectiveness of the lens for a 𝒌𝟎𝟎 
wave at a frequency, or small subset of frequencies, in the second transmission band where anisotropy readily occurs. 
Figure 2 shows the transmission spectrum based on the average scattered SPL in TA. The first transmission band 
extends to 230 kHz before tapering sharply to a stop-band from 390 – 460 kHz. The second transmission band, the 
focus of this work, starts at 485 kHz and continues to 590 kHz where another partial transmission reduction occurs. 
Important for implications in the collimating lens is the comparison between the SPL inside and outside the optical axis. 
The difference between the scattered SPL inside and outside the collimating axis, illustrated by the red line in Figure 2, 
shows minimal variation between SPL in the two regions with small differences arising as the frequency increases.  
 
 

A 

 

B 

 
Figure 3 - Triangular arrowhead lens (A). Hemisphere lens (B). Both are based on 15 x 19 phononic crystal. 
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Many phononic metamaterial lenses utilize gradient indices by manipulating the hylemorphic properties of the periodic 
structure, specifically, the lattice spacing and scatterer size [4, 9, 18, 24]. Two lenses were investigated as part of this 
work. Both are based on the 15 x 19 square lattice phononic crystal geometrically shaped into a hemisphere and 
triangular arrowhead. The scatterers of the lens are stainless steel, and the effective medium is water at room 
temperature. No defects or lattice manipulations were utilized to enhance or manipulate wave propagation through 
the lens. Additionally, the scatterers are fixed so that there is no deformation in the lattice as a result of the impinging 
wave. 
 
3.2 – Lenses 

Hemisphere Lens 

A 

 

B 

 
Figure 4 - Collimation score (A) and difference in average SPL inside/outside CA (B) of the hemisphere collimation lens shown 
above.  

Collimation for the hemisphere lens generally improves as frequency increases with a peak collimation score of 0.289 
at 569 kHz. Other peak frequencies are 570 kHz and 581 kHz comparable values at 0.324 and 0.307 respectively. 
Movement off the peak frequency by 2.5 kHz results in an increase of the collimation score of 80% illustrating the 
frequency sensitivity of the focusing ability.  The difference in the average SPL inside and outside the collimation axis 
also generally increases as frequency increases with a peak of 11.9 dB at 570 kHz. However, the values of the SPL 
variation do not sufficient represent the collimating ability of the lens as noted by the relatively high variation even at 
frequencies lower in the transmission band where the collimation score is definitively worse. Figure 6 A and Figure 6 C 
are images the scattered SPL of the hemisphere lens at 569 kHz and 514 kHz respectively. Though the SPL variation is 6 
dB at 514 kHz, the collimation score of 1.61 indicates that collimation is comparatively weak as can been clearly seen in 
Figure 6 C.  
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Triangular Lens 
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Figure 5 - Triangular lens collimation score (A) and SPL difference in/out CA (B). Behavior of both collimation score and SPL 
variation is due to the single initial scattering cell vs. three for the hemisphere lens 

 

The triangular arrowhead lens displays much more erratic behavior compared to the hemisphere lens. The hemisphere 
lens possesses a flat surface at the impinging edge of the lens due to its curvature. The flat surface behaves that is 3a 
wide moderates the transmitted pressure wave similar to a 15 x 3 un-manipulated phononic crystal. This flat surface is 
non-existent in the triangular lens, allowing for more variation in the scattering of the initial pressure wave. The 
resulting effects of the variation in scattering can be seen in the SPL variation inside and outside the optical axis. Figure 
5B illustrates this variation as many frequencies have a negative SPL difference, meaning that the average pressure 
outside the optical axis is higher than inside the optical axis. The collimation score follows similarly erratic behavior for 
the same reasons. 

The peak collimation frequency for the triangular lens is 576 kHz with a collimation score of 0.435 (Figure 5A). The 
triangular lens has increased frequency sensitivity for effective collimation as compared to the hemisphere lens. A 
change of 1.5 kHz will increase in the collimation score 56%, while 2.5 kHz increases over 190%. 576 kHz is also the 
peak frequency for the positive variation in the in/out optical axis SPL (9.38 dB). Figure 6B and 6D are images of the 
scattered SPL at 576 kHz, where collimation occurs, and 560 kHz, where no collimation is apparent.  
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Figure 6 - A) SPL collimation in hemisphere lens at 569 kHz.  B) SPL collimation in triangular lens at 576 kHz. C) SPL at high 
collimation score frequency 513 kHz for hemisphere lens. D) SPL for triangular lens at 560 kHz. SPL difference is negative. 

4. DISCUSSION 
 
The focusing of acoustic waves in the second transmission band of a phononic crystal presents difficulties to the 
anisotropic scattering effects resulting from the wavelength of the impinging wave being on the same order as the 
lattice parameters. Many phononic crystal based lenses utilize a form of gradient indices to achieve focusing, but are 
restricted to operation in the first transmission band. For high frequency applications, the precise control of the 
distribution of materials necessary in a metamaterial lens makes practical realization difficult. Effective focusing and 
collimating of sound in the second band presents an advantageous opportunity to reduce this fabrication burden as it 
allows for larger structures to focus waves on the same order as the lattice spacing. This work has demonstrated the 
capability of a metamaterial lens to focus and collimate a small set of frequencies in the second transmission band of a 
simple, square lattice phononic crystal by geometric design of the lens. Frequency sensitivity ranged from ±< 2.5 𝑘𝐻𝑧 
for the hemisphere lens, to ±< 1.5 𝑘𝐻𝑧 for the triangular arrowhead lens.  
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